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Introduction

Homogeneous coordinates have a natural application to Computer Graphics; they form a basis for
the projective geometry used extensively to project a three-dimensional scene onto a two-
dimensional image plane. They also unify the trecatment of common graphical transformations.
The graphical use of homogencous coordinates is due to [Roberts, 1966]; today, homogencous
coordinates are presented in many computer graphics texts (such as [Foley, Newman, Rogers]); in
particular, [Newman] provides an appendix of homogeneous techniques. [Riesenfeld] provides an
excellent introduction to homogeneous coordinates and their algebraic, gecometric and topologic
importance to Computer Graphics.  [Bez] further discusses their algebraic and topological
propertics and [Blinn77, Blinn78] develop additional applications for Computer Graphics.

Homogencous coordinates are also used in the relecated arcas of CAD/CAM [Zeid], robotics
[McKerrow], surface modeling [Farin], and computational projective geometry [Kanatani]. They
can also extend the number range for fixed point arithmetic [Rogers].

Our aim here is to provide an intuitive yet theoretically bascd discussion that asscmbles the key
fecatures of homogeneous coordinates and their applications to Computer Graphics.  These
applications include affine transformations, perspective projection, line intersections and clipping.
For the sake of clarity in accompanying illustrations, we confine our development to two
dimensions and then use the intuition gained to present the use of homogencous coordinates in
three dimensions.

[Kline] provides a bricf history of homogeneous coordinates, crediting Mobius with their
introduction. Given a fixed triangle in the plane, Mobius defined a sct of homogeneous
coordinates for a point p to be the weights required at the triangle vertices such that p becomes the
center of gravity of the triangle (Figure 1, left). The point p is computed as

P = (wad, wpb, wce),

with the condition that wy+wy+w, = 1; this is an casily solved system of equations. The three
unknowns w,, wy, and w, are called the barycentric coordinates of p with respect to a, b, and c.
[Farin] relates w to area by w, = A,/(A;+Ap+Ac) and similarly for wy, and w, (Figure 1, middle).

Pliicker defined another sct of homogencous coordinates by considering the signed distances from
a point to the edges of a fixed triangle (Figure 1, right); here, p = (Ia, I, Lo)-

Figure 1: barycentric and Plicker coordinates.




Barycentric and Pliicker coordinates arc both cxamples of coordinate systems in which n+1 values
represent an n-dimensional point.  One immediate attribute of these coordinate systems is the
invariance of a point when scaled: scaling the Mobius weights or the size of the Pliicker triangle
does not change the position of p. For an exposition of n-dimensional Pliicker coordinates (also
known as Grassman coordinatcs), sec [Stolfi].

Homogeneous Coordinates for the Projective Plane

The homogeneous coordinates commonly used in Computer Graphics are equivalent to Pliicker
coordinates in which one side of the triangle is at infinity and the opposite vertex is the origin of
the coordinate system. The plane containing the triangle with the line at infinity is known as the
projective plane.

[Aleksandrov] describes the projective plane by considering all lines and planes passing through a
given point s; if they are intersected by a plane P that does not pass through s, then each point (or
line) on P may be associated with a line (or planc) through s, as shown in Figure 2, left. This does
not quite imply a onc-to-onc mapping of lines (or planes) through s with points (or lincs) on P,
because those lines or planes through s parallel to P do not intersect P. By convention, however,
the parallel lines are said to intersect P at ideal (infinitely distant) points; the parallel plane is said
to intersect P at the ideal line. The plane P, augmented by ideal points and the ideal line, is known
as the projective plane. It cannot be represented within the finite Euclidean coordinate system; it
can be, however, be represented by homogeneous coordinates, and this is the fundamental reason
for their use in projective geometry.
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Figure 2: the projective plane.

Projective geomelry is, in a scnse, the geometry of imaging. This was alrcady understood, for
example, by Albrecht Diirer who used a mechanical device to draw objects in perspective [Penna).
It is, therefore, a natural tool for Computer Graphics. General projective geometry is discussed in
several texts [Coxeter, Ryan], and its use in Computer Graphics is discussed in [Herman, Penna).

Mathematically, the mapping from planes and lines through s to lines and points on the projective
plane is the transformation of the usual Euclidean space into projective space. The following three
statements each define the two-dimensional projective space, p2 (from [Ryan]):

1) The set of all equivalence classes of ordered triples of non-zero veciors in e,
where equivalence is the mutual proportionality of two vectors.

2) The set of all lines passing through the origin of e,
3) The set of all pairs of antipodal points of S2, the unit sphere in e




We denote the usual two-dimensional Euclidean space (also known as ‘physical’ or ‘proper’ spacc)
by €% Within €2, cach point is represented as a two-component vector, (x', y), where boLh x
and y' are finite values in an orthogonal coordmalc system. The relationships belwcen 8 the
unit sphere (SQ) and the projective space (p ), are illustrated in Figure 2. Points in p arc lmcs
through the ongln as in the second dcﬁnmon above. This means that we use equivalence classes
of coordinates of € to represent points in P

In practice, homogeneous coordinates represent p by mapping each Euclidean point (x y) €
€210 [x, y, w] € € (w # 0), which is a member of the eqmvalence class of points in p The
mapping is achieved by the equivalences x ~ x/w and y' ~ yw (we enclose Euclidcan
coordinates within parentheses and homogeneous coordinates within brackets; their equivalence is
signified by ~).

p2 is not a vector space in the same manner as €2. Indeed, scalar multiplication simply forms a
new representative of the equivalence class. Furthermore, if the representatives are chosen from
the intersection with the plane w = 1, then the vector addition of two points in p computes a
representative of the midpoint between the two vectors.

Because of the division by w, the conversion of a homogencous point to its Euclidean cquivalent is
inherently a projection of the homogenous point onto the w = 1 plane. Figure 2, right, illustrates
this projection in the two-dimensional case; three-dimensional homogencous points on the $?
sphere are projected onto the w = 1 plane. [Ricsenfcld] provides an illustration of four-
dimensional homogencous points projected onto a three-dimensional hyper-planc.

Homogeneous points represent projection and as a consequence can also represent points at
infinity. Consider a homogencous point as w approaches 0; for example, in Figure 3, [2, 3, w] is
shown for w = {4, 2, 1, 1/2, 0). As w approaches 0, the projected Euclidean points move away
from the origin in the (2, 3) direction. At w = 0, the point is infinitcly far and may be treated as a
positionless vector.

Historically, the need for points at infinity arosc from the work of Kepler and Desargues between
the 16th to 17th centuries when they both realized that a parabola has two foci, one finite and one
infinite [Coxeter].
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Figure 3: projection to the w = 1 plane.

We close this section with a brief reflection on the term homogeneous, which [Oxford] defines as:
1) Of the same kind so as to be commensurable.
2) Of the same degree or dimension: consisting of terms of the same dimension.

With this in mind, consider a general ellipse in €%

fx,y) = ax’? +by'2 +cxX’y +dx’ +ey' +f = 0.







